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Abstract 

We consider recently-constructed solutions of three dimensional SL{N, R) x SL{N, R) 
Chern-Simons theories with non-relativistic symmetries. Solutions of the Chern-Simons 
theories can generically be mapped to solutions of a gravitational theory with a higher- 
spin gauge symmetry. However, we will show that some of the non-relativistic solutions 
are not equivalent to metric solutions, as this mapping fails to be invertible. We also 
show that these Chern-Simons solutions always have a global SL{N,M) x SL{N,M.) 
symmetry. We argue that these results pose a challenge to constructing a duality 
relating these solutions to field theories with non-relativistic symmetries. 


1 Introduction 

There has recently been considerable interest in higher spin gravity, particnlarly in the 
context of holography [DEIE]. As in Einstein gravity, the three-dimensional case is par¬ 
ticularly simple, and provides a useful laboratory for exploring the issues. The higher spin 
theory in three dimensions is simply a Chern-Simons theory: in general it is based on the 
inhnite-dimensional hs{\) x hs{\) gauge group, but for integer values of A it reduces to the 
finite-dimensional SL{N,M) x S'L(V, M) [U E], El [3 E] • From the Chern-Simons perspective 
it is evident that this theory has no local degrees of freedom. This includes the case of 
pure gravity for N = 2. In this case it is well-known that the Chern-Simons theory cor¬ 
responds to a first-order description of pure gravity with a negative cosmological constant, 
with the spacetime vielbein being obtained as —A^, where A, A are the two SL{2, M) 

Chern-Simons fields pun]. Similarly the theory for integer N corresponds to a theory of 
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Einstein gravity coupled to massless fields of spin up to N, which are all constructed from 
the “zuvielbein” e^ = A^ — A^, which is now an S'L(iV, M) valued one-form. 

For any N, the solutions of the Chern-Simons theory include all the solutions of the 
SL{2,'R) X S'L(2,M) theory, so pure gravity solutions are also solutions of the higher spin 
theories. This includes asymptotically AdSs solutions, and the higher spin theory with 
asymptotically AdSs boundary conditions is conjectured to be dual to a 1-1-1 CFT with Wn 
symmetry [8]. But the higher-spin theory is richer, and can include solutions which are not 
solutions of vacuum gravity. Our discussion will focus on the realisation of spacetimes with 
non-relativistic symmetries, the Lifshitz spacetime m 

ds^ = -I- -I- (1.1) 

and the Schrodinger spacetime [I2l[l3] 

cIt‘^ 

ds^ = —r'^^dt^ — 2r'^dtdx~ -I-^ -|- r’^dx'l. (1.2) 

These are of interest as potential holographic duals of held theories with non-relativistic 
symmetries. It would be particularly interesting to realise these as solutions of the higher- 
spin theories, as the large symmetry algebra may make it easier to explicitly identify the dual 
held theory. In addition, these solutions are known to have IR tidal force singularities (for 
X 7^ 1 in the Lifshitz case [TTl [TU |15] and for 1 < x < 2 in the Schrodinger case [16]) which 
make their interpretation doubtful in a conventional metric theory. But in a higher-spin 
theory, the diheomorphism symmetry is enhanced, and these singularities could possibly be 
just gauge artifacts, as in d- 

Solutions of the higher-spin theory which give metrics of this form were obtained in jl8j . 
as we will review in section |2l As a simple example, a. z = 2 Lifshitz solution can be obtained 
in S'L(3,M) x S'L(3,M) Chern-Simons theory by taking the gauge connections to be 

A = Lodp + W2e^^dt + Lie^dx, A = —L^dp + W-2e^^dt + L^ie^dx, (1.3) 


which solves the Chern-Simons equations of motion F = F 
metric as 

1 . 


0. Dehning the spacetime 


(1.4) 


reproduces the metric fll.ip . with r = e^. In the metric language, one would expect this 
solution to be supported by the spin-3 held 




(1.5) 


In [I9], it was found that the spin-3 held has a non-zero (ptxx component. It is interesting 
to note that this breaks time reversal symmetry, so the Lifshitz solution would have to be 
holographically dual to some held theory with a vacuum which is not invariant under time 
reversal. 
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But as we will discuss in section |2l we can choose flat connections such that the metric 
takes the Lifshitz form (11 .Ih but the spin-3 held identically vanishes. This is in conflict with 
the equations of motion in the metric formulation, as the Lifshitz metric is not a solution 
of the vacuum theory, and the stress tensor is constructed from terms quadratic and higher 
order in the spin-3 held (j)fj,up. It also suggests that the breaking of time-reversal symmetry 
is not essential to the Lifshitz solutions. 

In section [3l we will argue that the solution of this puzzle is that the relation between 
the Chern-Simons and metric formulations fails for the solution (II.3p . In the pure gravity 
case = 2, it is well-known that there are solutions of the Chern-Simons theory which 
do not correspond to regular solutions in the metric description: the vielbein e = A — A 
may fail to be invertible, implying that the metric is degenerate. The relation between the 
Chern-Simons and metric formulations for the SL{3,'R) x S'L(3,M) Chern-Simons theory 
was studied in [201 EB EB E3]. In particular, [22l EH] give a generalization of the non¬ 
degeneracy condition for the vielbein. We will see that this condition is not satisfied for 
the Chern-Simons fields fll.3p . Thus, we do not have access to a metric-like formulation for 
this case. The cases which give a Schrodinger metric involve N > 3, so we need to analyse 
the equivalence between Chern-Simons and metric formulations from first principles; we will 
And that the z = 2 Schrodinger solutions are non-degenerate but the 1 < 2 ; < 2 solutions are 
degenerate. We will also comment in passing that the realisations of AdS via non-principal 
embeddings [23] also have a degenerate frame. 

One might hope that this is basically a technical issue and that one could still use these 
solutions to explore non-relativistic holography in a Chern-Simons language: the connections 
(ll.3p are solutions of the flatness conditions, and they manifestly exhibit a non-relativistic 
scaling. However, as we will discuss in section 01 the set of gauge transformations that leaves 
fll.3p invariant is a global S'L(3,M) x S'L(3,M) subgroup of the S'L(3,M) x S'L(3,M) gauge 
group, just as in the AdS case. This is because the solutions have no holonomies, so they can 
be related to A = A = 0 globally by a single-valued gauge transformation. As a result, the 
symmetry group is the same as that of A = A = 0. This provides a general understanding 
of a fact which was uncovered as something of a surprise in the analysis of asymptotically 
Lifshitz solutions in |19] . 

If we could legitimately pass to a metric formulation, this could be separated into the 
Lifshitz isometries of the metric (II.ip and some higher-spin gauge transformations, but in 
the Chern-Simons language there is nothing to pick out the Lifshitz subgroup of S'L(3,M) x 
SL{3,'R) as special. Thus, purely in the Chern-Simons formulation, it is not clear how we 
identify these backgrounds as non-relativistic, in the sense that their held theory duals would 
have a non-relativistic symmetry. This is consistent with the results of [19] , which concluded 
that the dual of the Lifshitz cases is a held theory with Wn symmetry, just as in the AdS 
case. 

For the Lifshitz case, asymptotically Lifshitz boundary conditions based on the solution 
fll.3p have been described in [25] [191 ESI EB EH]- In section [5l we comment on the extension 
of our analysis to asymptotically Lifshitz solutions, and argue that the boundary conditions 
of [19] could be re-interpreted as a novel kind of asymptotically AdS boundary conditions. 
Finally, we conclude in section 0] with a discussion of the significance of the degeneracy we 
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find and prospects for further work. 


2 Non-relativistic solutions in the higher spin theory 

The SL{N,'R) x S'L(iV, M) Chern-Simons theory has action 

•S'= — *S'cs[^], (2.1) 


where the Chern-Simons action is 

Scs = ^ [ TiiAAdA+'^AAAAA), ( 2 . 2 ) 

where k is the Chern-Simons level. The equations of motion are the flatness conditions 

F = dA + AAA = {)] F = dA + AAA = {). (2.3) 

The theory is invariant under S'L(iV, M) gauge transformations 

A ^ A' = g ^Ag + g ^dg, (2.4) 

and similarly for the barred sector. Since the connection is flat on-shell, it is locally gauge- 
equivalent to A = 0, that is in open regions we can write A = g~^dg for some g. If the gauge 
field has holonomies they form an obstruction to writing A as pure gauge globally. 

We will write solutions in the “radial gauge” , where we choose a radial coordinate p and 
write 

A = b~^ab -|- b~^db, A = bab~^ + bdb~^ (2.5) 

where b = and a is a one-form with no dp component, which is furthermore independent 
of p, and a similar form is taken for the barred sector. 

This theory can be related to a higher spin gravitational theory by introducing the 
“zuvielbein” and spin connection 

where we introduce an arbitrary length scale I in defining the zuvielbein. The equations of 
motion then become in terms of these variables 


(ie-l-eAa;-|-a;Ae = 0, 


( 2 . 7 ) 


du + u Aoj + -re A e = 0. 
r 


( 2 . 8 ) 


In the N = 2 case, writing = e“ta, e“ is a 3 x 3 matrix which we can interpret as the 
gravitational vielbein, and these are the equations of motion of pure gravity in a frame field 
formalism [3 [ 10 ], with Newton constant Gn = l/16k. For iV > 2, is an S'L(iV, M) valued 
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one-form, with 3(iV^ — 1) independent components, and it can be traded for a metric and 
higher-spin helds up to spin N. For example, for = 3 [7], we have a metric dehned by 


and the spin-3 held 


1 . 

(2.9) 

^ fiuX g fr(e^ej/e^). 

(2.10) 


Henceforth we will take units with / = 1. 

A simple class of solutions of this theory is constructed by taking the principal embedding 
SL{2,'R) C SL{N,M.) and considering hat S'L(2,R) connections, corresponding to vacuum 
gravity solutions. The global AdSs solution in Poincare coordinates is obtained by taking 


a = Lidx~^, a = L_idx , 


( 2 . 11 ) 


where Lq,L±i are the usual SL{2,M.) generators. Our conventions are set out in appendix 
[Al In the metric description become null coordinates on the surfaces of constant p. 

We are interested in the non-AdS solutions constructed in [TB] , in particular the Lifshitz 
and Schrodinger solutions. There it was found that one can construct a Lifshitz solution 
with integer z by taking 


a = aiW+dt + Lidx, a = W-dt + a 2 L_idx (2-12) 

where W± are required to satisfy 

[W±, Lo] = [kF±, T±i] = 0, tr{W+W_) ^ 0, (2.13) 

and 01,02 are normalization factors. For example, by taking W± = W ±2 in *S'L(3,M) we can 
realise Lifshitz with z = 2; this produces the solution in fll.3p . 

A Schrodinger solution with integer z is obtained by taking 

o = (oiLi -|- a 2 W+)dt, d = W-dt + L_idx~. (2-14) 

With the same condition on W±, and appropriate choices of 0 i, 02 , this gives the metric 
fll.2p . with r = e^. We will focus on the realisation of z = 2 Schrodinger in S'L(3,M) as an 
example of this class of solutions. Schrodinger solutions with fractional weights are obtained 
by taking 

a = (aiH/W + a 2 W^+^)dt, d = W^3dt + (2.15) 

where 

[w|, Lo] = [lyW, = 0, fr(w|'wi^'') = tAj, U ^ 0. (2.16) 

We will take the case with ^ = 3/2 in S'L(4, M) as an example of this class of solutions, where 

a = (f4 + W2)dt] d = --^U-sdt ^W-2dx~ (2.17) 
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The corresponding metric is 


ds‘^ = - (—r^dt^ — 2r‘^dtdx + (2.18) 

8 \ r"* / 

after replacing r = 

In addition to these non-relativistic cases, we will also comment on the non-principal 
embeddings of AdS: for example, in SL{3,'R) we can realize AdS by taking [24] 

a = W 2 dx~^, d = W_ 2 dx~. (2.19) 


2.1 A puzzle 

In the above sointions, we introdnced some normalization constants to cancel trace factors 
to make the metric take the usual form with no additional numerical factors. These can be 
thought of as a suitable scaling of the boundary coordinates (t, x or respectively). But 
we could go further: for example, in the z = 2 Lifshitz case we could take 


a = aiW 2 dt -|- 62 -hidx, d = biW- 2 dt + a 2 L_idx. ( 2 . 20 ) 

This is still a flat connection for any values of the constants. The metric is 

= —aibie^^dt^ + dp^ + a2&2e^^da;^. (2-21) 


We can re-absorb the constants here in redehnitions of the coordinates. But the change in 
the spin-3 held is more signihcant: the only non-vanishing component is 


= -^{hbl - aial)e^P. 


( 2 . 22 ) 


(Note that our conventions for the generators are different from |T9|, as set out in appendix 
lAl ) In [T9|, this term was interpreted as supporting the Lifshitz spacetime. It was also 
noted that it breaks time reversal symmetry. However, if we choose bib^ = aia% we set the 
three-form held to zero. How can we have a Lifshitz metric with no matter held to support 
it? Note that we can keep the metric hxed and change the value of the three-form held by 
varying the constants appropriately, so we expect that the metric equations of motion fail to 
be satished for generic values of the parameters; there might at best be some special choice 
of oi, 02 , &i, &2 such that the resulting 0 correctly sources the metric. 


3 Degeneracy of the non-relativistic solutions 

The puzzle noted above suggests that there is a problem in the relation between the Chern- 
Simons and metric descriptions in the Lifshitz solution. In this section we will see that 
there is indeed a problem for Lifshitz, some of the Schrodinger solutions, and AdS with 
non-principal embeddings. 
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The issue is one that was already noted in the pure gravity case in |9]: the Chern-Simons 
description includes solutions, such as for example A = A, for which the vielbein e“ is 
degenerate, and hence not invertible. For pure gravity, such solutions are not acceptable 
solutions in the metric formulation. In addition, it is not possible to determine the spin 
connection in terms of the vielbein, because the vielbein is not invertible. It is this latter 
issue which will generalize to our case. Clearly the problem for the Lifshitz solutions is not 
that the metric is not invertible. But in the higher spin context, even when the metric is 
invertible the zuvielbein e“ can fail to determine the connection 

In general, the issue is that to convert from a frame formulation of the equations to a 
second-order metric formulation, we want to solve the torsion-free condition fl2.7p to deter¬ 
mine the spin connection u in terms of the zuvielbein e. The spin connection is an SL{N, M) 
valued one-form, so it has 3(A^^ — 1) independent components. The equation is an SL{N, M) 
valued two-form, so it also has 3(iV^ — 1) independent components. This is a linear algebraic 
system for the components of u, so generically it has a unique solution, and knowing e is 
sufficient to determine u. In passing to the metric formulation, we exchange the information 
in e for the metric and higher-spin helds, as in fl2.9ll2.10p . and this data is then equivalent to 
the connections A, A. 

But there can be special values of e such that the solution of 02.71) is not unique. (If 
we obtain e = A — A as the difference of two flat connections, then uj = A + A is always a 
solution of 02.7p . so it can’t happen that there’s no solution.) The metric formulation, where 
we retain only the data in e, is then not equivalent to the Chern-Simons formulation. The 
two pictures are equivalent only when we can solve 02.71) for u uniquely. 

In the N = 2 case, we can solve 02.7p explicitly by multiplying it by the inverse frame 
held, so the uniqueness of solutions is equivalent to the invertibility of e“. For iV > 2, e“ 
is not a square matrix, so we cannot express the problem in terms of its invertibility. In 
[22l [23] , this was addressed for = 3 by introducing additional auxiliary quantities 
constructed out of e“ such that the collection e“, forms a square matrix, and 02 .7p was 
again explicitly solved using the matrix inverse. 

These additional quantities are constructed by hrst dehning the symmetric tensor 

1 2 

C/iJ/ (3T) 

where J 3 is the identity matrix, which is added to ensure traceless of e as a group element. 
Then we dehne the traceless tensor 

P ~ 9 (3-2) 

There are hve independent components of e(^y). Thus the combination can be 

treated as a square matrix. In [22], it is shown that invertibility of this matrix is necessary 
and sufficient for u to be uniquely determined by e. For the AdS realisation in 02 .lip . [22] 
show that this matrix is indeed invertible. 

Thus, for the S'L(3,M) cases, checking degeneracy reduces to checking the invertibility 
of this matrix. For the Lifshitz z = 2 case, the matrix is not invertible, as 

etp = etp = ^{et, e^} = ^e^^{ailF 2 - ffifF- 2 , Lq} = 0, (3.3) 
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so the matrix has a row of zeros. This explains why the metric-like helds we obtained in 
fl2.21ll2.22p don’t solve the equations of motion in the metric formulation: from the Chern- 
Simons point of view there’s a higher-spin component in u which is not determined by g, 0 
which plays a role in satisfying the flatness conditions. The general solution of the torsion- 
free condition fl2.7p in this case is 

oj = — a^Lodt -|- {Wi W—i)dx —e — W 2 -l- W— 2 )dp\ X 2 lVQdx (3.4) 

where the Aj are arbitrary constants parametrising the non-uniqueness of the solution. 

For the z = 2 Schrodinger solution fl2.14p . by contrast, the matrix is invertible, so the 
Chern-Simons and metric formulations are equivalent. The explicit calculation is given in 
appendix IB.lj the determinant is 

det(e“,e^^^)) =(3.5) 

which is non-zero for hnite p. We can also check that the equations of motion in the metric 
formulation are satished by the z = 2 Schrodinger helds g, cf)] this is discussed in appendix 

El 

For the AdS solution in the non-principal embedding (12.191) . the matrix is again not 

invertible. It is not hard to show e++ = e_= 0. Therefore, we again have zero rows 

leading to vanishing determinant. The general solution for the connection u in this case is 

a; = ^(A +A)+ hFo0 (3.6) 

where 0 is an undetermined one-form. Thus, this solution does not have a metric formula¬ 
tion in the same metric theory as the principal embedding. However, it was argued in [29] 
that for this non-principal embedding, we should consider a different metric formulation, 
based on interpreting the non-principal S'L(2,M) as the diffeomorphism symmetry, and de¬ 
composing the Chern-Simons held in irreducible representations of this symmetry. In this 
decomposition, the Chern-Simons held involves helds of lower spin (spin 1 and spin 3/2), 
which will be described by hrst-order actions also in the metric formulation, so the map from 
Chern-Simons helds to this other metric formulation may not be degenerate^ 

Finally, we would like to consider the non-integer Schrodinger solutions. To do so we 
need to go to > 3, so we cannot use the description from [22] . But for a given e, it is a 
simple linear algebra problem to check if fl2.7p has a unique solution for uj or not. In the case 
of the z = ^ Schrodinger solution in fl2.17p . we hnd that it does not have a unique solution. 
The general solution for the connection u in this case is 

OJ = 2 (^ (3-7) 


^We thank Andrea Campoleoni for discussion on this point. 


















where the extra term Co written in components is 






UJn 


5 o 25 o 

—Aie^^ - —Xie^PU-i 

32 64 

5 5 10 

—-Aie^Ph"! + A3L1 + AiLo + -AaL^i + —XiUo 

o 00 


Ait/-3 (3.8) 


The constants Aj again parametrise the non-uniqueness of the solution. It is interesting 
to know whether second order equation of motion can be solved at perturbative order of 
deformation of AdS, like that we do for z = 2 Schrodinger solution in Appendix IB. 21 La- 
grangian with the lowest order of spin-3, spin-4 helds were worked out recently [30]. Due to 
its complication, we would leave this for future work. 


4 Symmetries of the Chern-Simons solutions 

In the previous section, we found that the Lifshitz solution fl2.12p and the fractional z 
Schrodinger solution 02.17p do not have a metric formulation, as the connection uo is not 
determined uniquely by e. Can we formulate a duality relating them to non-relativistic 
theories directly in the Chern-Simons formulation? In this section we will argue that this is 
challenging because the Chern-Simons formulation does not associate a distinguished set of 
non-relativistic symmetries with these backgrounds. 

Originally, the Lifshitz and Schrodinger metrics 01. ip and 01.2p were constructed to have 
the corresponding symmetries as isometry groups. In the higher-spin context, these diffeo- 
morphism isometries are supplemented by some higher-spin gauge transformations that also 
leave the background invariant, but one could argue that in the metric formulation we can 
draw a distinction between diffeomorphisms and the higher-spin gauge transformations and 
still regard the backgrounds as having a non-relativistic symmetry. But in the Chern-Simons 
formulation, it is not clear how to make such a distinction. All of the symmetries are simply 
gauge transformations that leave the given flat connection unchanged. 

In the discussion of asymptotically Lifshitz solutions in [19], it was found that the higher- 
spin gauge transformations extend the Lifshitz symmetry of fll.ip to a global SL{3,'R) x 
SL{3, M) symmetry group. In fact, there is a simple argument to see that the same happens 
in all cases. The symmetries are the gauge transformations e such that 

5^A = de + [A, e] = 0, (4.1) 

and similarly in the barred sector. The Lifshitz and Schrodinger metrics fll.ip and fll.2p are 
analogous to AdS in Poincare coordinates, so the boundary coordinates are non-compact, 
and cannot be compactified without eliminating the anisotropic scaling symmetry (with 
the exception of the Schrodinger z = 2 case, where we can compactify ^). Thus, in the 
Chern-Simons formulation there can be no non-trivial holonomies, as there are no non¬ 
trivial topological cycles in the spacetime to measure holonomies around. As a result, the 
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connection is globally gauge-equivalent to zero, that is each of our solutions is of the form 
A = g~^dg, A = g~^dg for some globally dehned group elements g, g. Now if we use 
A = g~^dg, and set e = g~^e'g, fl4.ip reduces to 

de = 0 (4.2) 

which is satisfied by arbitrary constant e', forming a global SL{N, M) subgroup of the gauge 
group. Thus the e that leave A invariant will always form a global SL{N, M) group (although 
for a given A, the gauge transformations e = g~^e'g are not themselves constants). Thus, the 
symmetry of any Chern-Simons solution with no holonomies is always SL{N, M) x SL{N, M). 

Explicitly, for the z = 2 Lifshitz solution, de' = 0 can be solved by writing 

1 2 

e' = ^ ^ e^^W, (4.3) 

i=—l i=—2 

where and e^* are constants. The relevant group element g such that A = g~^dg gives 
the Chern-Simons held in (II. dh is g = A'^it+Lix^pLo_ symmetries e = g~^e'g are 

e = eP{-xe^° + e^^ + x^e^-^ + te^-^ - Atxe^-^)Li (4.4) 

+ (e^° - 2xe^-i + 4te^-2)Lo + 

— — Atxe^~^ — x‘^e^° -f xe^^ — -|- x^e'^~^ + — x'^e'^“^)lT'2 

-F eP{-Ate^-^ - 2xe^° + e^^ + - 4x^e^-2)lTi 

+ (e^° - 3xe^-i + 6xh^-^)Wo + e-P{e^-^ - 4xe^-2)lT_i + 

reproducing the result of [19]. If we interpreted these symmetries in terms of diffeomorphisms 
using e = as suggested in [19], parametrize time-translation, spatial 

translation and Lifshitz scaling respectively, although it is not clear if this is valid given that 
the frame is degenerate [9]. 

For the AdS solutions fl2.1ip . fl2.19p . the appearance of an SL{N, R)xSL{N, M) symmetry 
is expected. But for the Lifshitz and Schrodinger solutions it implies that we cannot identify 
a non-relativistic isometry group from the Chern-Simons perspective. For z = 2 Schrodinger, 
we can pass to a metric formulation, and identify the Schrodinger algebra as the subgroup of 
this SL{N, M) X SL{N, M) which is realised as diffeomorphisms. But for the other cases with 
no metric formulation there is no clear sense in which they are non-relativistic, despite the 
manifest scaling properties of fll.3p : this scaling is only one of a set of SL{N, M) x SL{N, M) 
symmetries. 

A possible subtlety in this argument is that when we take a background and dehne 
asymptotic boundary conditions where the helds approach the background asymptotically, 
the isometries of the background may not form a subgroup of the asymptotic symmetry 
algebra (see [31] for an example of this). So the non-relativistic symmetry could potentially 
be picked out by a notion of asymptotically Lifshitz/Schrodinger boundary conditions. But 
a choice of boundary conditions such that the asymptotic symmetry algebra does not include 
the symmetries of the background is usually considered undesirable. In particular, this does 
not happen for the asymptotically Lifshitz solutions of [19] , where the full SL{3, M) x SL{3, M) 
symmetry is included in the asymptotic symmetry algebra. 
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4.1 Map to AdS 


One way of thinking abont this resnlt is that since all the topologically trivial solntions are 
gange-eqnivalent to 4 = 4 = 0, the Lifshitz and Schrodinger solutions can be related to 
the usual AdS solution by a suitable gauge transformation; so the fact that they have the 
same symmetries can be seen as a reflection of their just being AdS in a different gauge. 
Let us give this transformation explicitly in the Lifshitz case. For the AdS solution (I2.1ip . 
^Ads = g~^dg with g = while for the Lifshitz solution (I2.12p . A^if = h~^dh with 

h = A^ 2 t+Lix^pLo _ Identifying the AdS coordinate with t + x in the Lifshitz solution, the 
transformation is then 

An./ = /-'d/ + /-MW, (4.5) 


with 

/I 0 0\ 

/ = g-^h = -V2ePt 1 0 . 

\ t{t + 2)e^P -V2ePt 1 / 

A similar argument in the barred sector produces 


(4.6) 


/ 1 -V2ePt t{t + 2)e^P \ 

/= 0 1 -V2ePt . (4.7) 

Vo 0 1 J 


We have assumed that we work with non-compact x, as compactifying it breaks the scaling 
symmetry, but it is interesting to note that compactifying x does not obstruct this relation. 


5 Asymptotically Lifshitz solutions 

So far, we have focused on the non-relativistic backgrounds, and seen that some interesting 
examples fail to have a corresponding metric description. Holographically, such solutions are 
dual to the vacuum state in the dual field theory, and it is essential to consider solutions which 
asymptotically approach these backgrounds to define the holographic dictionary. Since the 
failure of the metric description is non-generic, one would expect that considering these more 
generic solutions could also offer a resolution of it. In addition, imposing a given asymptotic 
boundary conditions partially fixes the gauge in the asymptotic region, eliminating those 
gauge transformations that take us out of this choice of boundary conditions. Since the bulk 
theory has no local degrees of freedom, it is these gauge transformations that are broken by 
the choice of boundary conditions that provide the physical content of the bulk theory - the 
higher spin analogue of the boundary gravitons. 

In this section, we will consider spacetimes which asymptotically approach the Lifshitz 
background fl2.12p . We will hrst consider the asymptotically Lifshitz boundary conditions of 
[in], which are the most well developed, and then consider alternatives. In jm], asymptoti¬ 
cally Lifshitz solutions were dehned in the radial gauge as Chern-Simons solutions with 

A = b~^db + -1- A = b~^db + -1- a^^^)6, (5.1) 
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where b = e^^°, and is the background solution (12.121) . The hrst fluctuations 

have only an x component, which is determined in terms of four functions C{x), jC{x), >V(a:), VV(a:), 

ai°) = AtWLo - CL_i - + dtCWi + >VfT_ 2 , (5.2) 

4°) = -4t>VLo - CLi - At^WW-2 - UCW-i + WW 2 (5.3) 

(the constant coefficients here are different from in [ 1 ^ because we use a different convention 

for the SL{3, M) generators, as set out in appendix |^. The second subleading terms 

are general, having arbitrary t and x components, but are required to fall off at large p, 

~ 0 ( 1 ). 

In [in], this definition of the asymptotic boundary condition was shown to lead to fi¬ 
nite, conserved canonical charges (constructed from the boundary functions £, £, W, TV and 
the gauge transformations preserving the boundary conditions) which generate a W 3 © W 3 
asymptotic symmetry algebra, containing the S'L(3,M) x S'L(3,M) symmetries of the back¬ 
ground fl 2 . 12 p . 


6C — + 2/feI + 3We(^ + 2W^eiy — -^e"l (5-4) 

SW = SWe', + 

0 4 4 0 


with similar expressions for the barred sector. 

Because the first sub leading terms do not affect the at component, the extended vielbein 
at this order is still degenerate: 


etp = 2{et,ep} 0, 


(5.6) 


up to terms coming from Thus, it would seem that there are solutions with non-zero 

values of the charges here where the metric formulation is still not possible. For solutions 
with sufficiently general the extended vielbein may be non-degenerate in the bulk, 

but as these terms vanish as we approach the boundary, we would expect that the inverse 
vielbeins of will blow up there. Thus, the degeneracy is a real obstacle to the construction 
of a good metric description for this class of asymptotically Lifshitz boundary conditions. 

It was argued in [19] that these boundary conditions are distinct from the usual asymp¬ 
totically AdS boundary conditions [7]. Two main arguments were given: one relied on the 
breaking of time-reversal invariance in the Lifshitz solution, but as we have seen it is pos¬ 
sible to take the generalised backgrounds in fl 2 . 20 p such that the spin-three field vanishes, 
eliminating the breaking of time-reversal symmetry. The other was that the asymptotically 
Lifshitz boundary conditions involve functions of x, while asymptotically AdS boundary 
conditions involve functions of x^. This indeed shows that asymptotically Lifshitz solutions 
are distinct from the asymptotically AdS solutions, if we relate the two backgrounds using 
the gauge transformation fl4.6p . 

However, given the failure of the metric description in the gauge fl2.12p . we think it may 
be more straightforward to understand the physical significance of these boundary conditions 
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if we apply this gauge transformation to re-express them in terms of the AdS solution (I2.1ip . 
That is, let us take the solutions (15 .2 115 .dh and apply the gauge transformation (14.dh . We 
then obtain a family of solutions of the form fl5.ip . but where now are the AdS 

background ( 12 . 111 ) . and 

a® = - 2£tLo - £L_i + }Vt^lV2 + dWt^Wi (5.7) 

+6Wt^Wo + AWtW.i + WW-2, 

4°) = - 2£tLo - + m^W_2 + 

+Qm‘^Wo + dmwi + WW 2 . (5.8) 

Thus, the asymptotic boundary conditions of [12] can be rewritten in a different gauge as 
a new kind of asymptotically AdS boundary conditions. Since in this gauge the relation to 
the metric formulation is possible, the physics of the boundary conditions may be clearer in 
this gauge. Note the asymptotic symmetry algebra (15.4p . (15.5p is unaffected when we shift 
from Lifshitz gauge solution to AdS gauge solution. 

An alternative asymptotically Lifshitz boundary condition was given in [26]. The con¬ 


nection is taken to have the form 

at = W2-2CWo + lc'W.i-2WL_i + {C^-lc")W.2, ( 5 . 9 ) 

6 b 

ttx = Li — iCL—i yVW—2, (5.10) 

where C and W are now functions of both t and x, subject to the consistency conditions 

C = 2>V', (5.11) 

>v = (5.12) 

6 b 

Similarly, for the barred helds 

dt = W_2-2CWo-‘^jC'Wt + 2WLi + {C‘^-IjC")W2, (5.13) 

3 6 

dx = L_1 - - WW 2 , (5.14) 

with consistency constraints 

C = -2W, (5.15) 

W = -^(£7 + ^£"'. (5.16) 

3 6 

In these asymptotic boundary conditions, the degeneracy of the generalised frame is resolved 
for generic £, W. The determinant is 

- - 2>V2][(r2 + £)(r2 - Cf - 2W% (5.17) 


There are some specihc points r where the determinant vanishes. These singularities would 
not spoil the non-degeneracy property and can be avoided by method of hbre bundle [ 22 ] . 
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Since the determinant is not vanishing even at large r, one would expect a metric formulation 
is possible even in the asymptotic region. It may be interesting to explore these boundary 
conditions further; it was noted in [12] that the canonical charges in this case are hnite but 
not conserved. 

In [26], there was also a further generalization to turn on some source terms, taking 

= i-ii2^2 + hi-^i ~ 2i2p2hho ~ (2Wp.2 + C,ni)L_i + (i2^/i2 + W/ii)hh_25 
Oa; = hi — CL_1 + >Viy_2, (5.18) 

and barred sector 


O-t — /i2hh_2 — p.ih_i — 2Ch2Wq + (2W/i2 + C^i)Li + [C‘^^2 + hV/ii)hh2) 

ha; = L_i- CLi-WW2. (5.19) 

The presence of the sources pi, /i 2 makes the determinant of the generalized vielbein non¬ 
zero even for vanishing £, W, so this deformation away from Lifshitz resolves the degeneracy 
of the generalized vielbein even in the vacuum. The metric formulation is well-dehned in 
this case since metric-like helds solve Einstein equations by the method in appendix IB. 21 
We leave further study of these deformations to future work. 


6 Conclusions 

We have seen that the Lifshitz and non-integer Schrodinger solutions of [18] have degenerate 
generalized vielbeins, so they are not equivalent to some solution in the metric formulation 
of the higher spin theory. We also found that in all cases the symmetries of the backgrounds 
in the Chern-Simons formulation are SL{N,'R) x SL{N,'R), generalizing and simplifying 
an observation of [19]. These seem signihcant obstacles to interpreting these backgrounds 
as non-relativistic solutions. The Schrodinger solutions with integer z have non-degenerate 
generalized vielbeins, so they remain as non-trivial examples of non-relativistic backgrounds 
in the higher spin context. But our results prevent us from studying several interesting 
questions about these backgrounds, such as identifying examples of Lifshitz held theories or 
addressing the physical meaning of the IR singularities in the metrics fll.ll II.2p . 

These problems could be moderated by considering classes of solutions which asymptot¬ 
ically approach these backgrounds, although one would be concerned that the problem with 
the vacuum solution would reappear in the asymptotic region. For the most well-developed 
example of asymptotically Lifshitz boundary conditions in the higher spin context [12], we 
hnd that the generalized vielbein is still degenerate at hrst subleading order. We have 
proposed that these boundary conditions may be more usefully viewed instead as a novel 
asymptotically AdS boundary condition. In that gauge a metric formulation is available, 
and it would be interesting to understand the differences from the usual asymptotically AdS 
boundary condition. For the boundary conditions of [26], the degeneracy of the general¬ 
ized vielbeins was lifted, and it appeared that an inverse could exist even in the asymptotic 
region. It would be interesting to understand this case further. 
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The problems we have found are likely to be special to the case of three bulk dimensions, 
as the Chern-Simons formulation is particular to this case, and the absence of bulk degrees 
of freedom also obstructs obtaining richer families of solutions. It would be interesting to 
explore the realisation of non-relativistic backgrounds like fll.ll 11.21) in higher-dimensional 
higher spin theories [32l |33l E] ■ 
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A Conventions 

A.l sl{3,R) Algebra 

The conventions in two cases are different. The sl{3,R) generators satisfy algebra 

[Ln, Lm\ 'iR)Ln+m 

[Lni hFm] ~ (2?7. Tn)Wn+m 
[Wn, Wm] = (^{n — m){2v?‘ -|- 2w? — mn — 8)Lm+n 


In our calculation ^ ~ ~Y2' generators are 


L-i = 


W.2 = 



Li = 


W 2 = 


0 0 0 

-\/2 0 0 

0 -\/2 0 



JFn = - 




0 

1 


1 / 

0 

0 


0 

0 

-1 

, Wi = ^ 

-1 

0 

0 

0 

0 

0 / 

x/2 1 

0 

1 

0 / 


(A.l) 

(A.2) 

(A.3) 


\ / 1 

0 

0 \ 

0 

0 

0 

0 

/ \ 0 

0 

-1 / 
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A.2 s/(4, i?) algebra 

Our representation of s/(4, i?) algebra is slightly different from |18] . 


/ 0 \/3 0 0 \ 

0 0 2 0 

0 0 0 \/3 ’ 

\ 0 0 0 0 / 



( ^ 

0 

0 

0 \ 

1 

0 

1 

0 

0 

2 

0 

0 -1 

0 


VO 

0 

0 

-3/ 


/ 0 0 0 0 \ 

-^/3 0 0 0 

0-200 
Vo 0 -\/3 0 


Quintet: 


W 2 


/ 0 0 0 0 \ 

0 0 0 0 

2x/3 0 0 0’ 

V 0 2x/3 0 0 / 


/ 0 0 2x/3 0 \ 

000 2\/3 

0 0 0 0 

\ 0 0 0 0 / 



( 1 

0 

0 

0 \ 




( ° 

^/3 

0 

0 


\ 



/ 0 


0 

0 

0 \ 



0 

-1 

0 

0 





0 

0 

0 

0 





-x/3 

0 

0 

0 

Wq — 


0 

0 

-1 

0 


, W_1 



0 

0 

0 

-^/3 


, Wi 


0 


0 

0 

0 


V 

0 

0 

0 

1 

) 




VO 

0 

0 

0 


) 



V 0 


0 

^/3 

0/ 

Septet: 

























0 

0 

0 

0 \ 



/ 

0 

0 

0 

0 \ 




f 

0 

0 


0 

0 \ 



0 

0 

0 

0 




0 

0 

0 

0 



2 


-x/3 

0 


0 

0 

U 3 = 


0 

0 

0 

0 


U 2 = 


^/3 

0 

0 

0 





0 

3 


0 

0 



-6 

0 

0 




V 

0 - 

-v^ 

0 

0 




V 

0 

0 


-v^ 

0/ 


/ 3 0 0 0 \ 

^ 0-900 

10 0 0 9 0 

V 0 0 0 -3 / 


/ 0 x/3 0 0 \ 

2 00-30 

5 0 0 0 \/3 

\ 0 0 0 0 / 


/ 0 

0 


0 \ 

0 

0 

0 

-x/3 

0 

0 

0 

0 

^0 

0 

0 

0 / 


/ 0 0 0 6 \ 

0 0 0 0 

0 0 0 0 

V 0 0 0 0 / 


B Schrodinger higher spin calculations 

B.l Determinant 

We consider the most general form of Schrodinger solution after normalization: 

at = kW2 + cLi; a^- = 0 (B.l) 
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Dreibein e can be found to be 


(B.2) 


1 

o-t — ■^bb_2; 



e = Lodp + -(ke^^W 2 + ce^Li — — -e^L.ida; (B.3) 

2 k c 

The extra introduced 5 tetrads are 


^(x~x~) 


(B.4) 

^(pp) 


(B.5) 

^{tx~) 

2 6c Sc"* 

(B.6) 

e(tt) 

= ^02^2 - e"Wo + 

(B.7) 

e{tp) 

= -ceWi 

2 

(B.8) 

^{px-) 

= --eW_i 
c 

(B.9) 


We only need 5 of these tetrad since they are linearly dependent due to the traceless condition 
= 0. In this specihc case, 

^{x~x~) T ^{pp) T 2e &{tx~) 0 


Therefore, we calculate the determinant of 8 x 8 matrix with spacetime indices excluding 
(PP)- 

det(e“, (B.IO) 


We hnd this nonvanishing value is independent of the choice of k and c. Then we should be 
able to map frame-like Schrodinger solution fIB.ip flB.2p to metric-like helds. 


B.2 Einstein equation in D=3 higher spin theory 

We showed that the zuvielbein oi z = 2 Schrodinger solution in SL{3, R) has non-vanishing 
determinant. One would then expect the helds constructed from it to solve the equations of 
motion in the metric formulation. In terms of metric-like helds g, 0, Lagrangian of fl2.ip can 
be written as [20] 

C = £e-h + Rf, (B.ll) 

2 

where £e-h = -R + tv and Cp contains terms depending on 0 (note that we set / = 1). Cp 
was worked out to quadratic order in 0 terms in [20], with general expression: 

Cp{(j)^) = + (B.12) 

+ + k,ct>^r) 
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(B.13) 


where pp ^ and J^pyp is the Fronsdal tensor defined by 

^avp = '^^'^a(j^pup — {p4^up)a + {p'^^ 4^up)\) + 3 V(^ Vi/0p) 


The mass coefficients m* are determined by reqniring invariance nnder gange transformations, 
which gives 

mi = 6(fci + 3 /c4 - 1); m 2 = 6{k2 + ks + Sk^ + ^) (B.14) 

Different kiS may parametrize the same theory if one performs a redefinition of metric and 
spin-3 fields. For convenience, let’s take those valnes of ki in [20] . 


ki = 


3 

2 ’ 


k2 


0 ; 



(B.15) 


The nniqne choice of ki were determined by reqniring asymptotically AdS solntion solving 
Einstein eqnation. 


R 


{lU 


29pi^R 


9piJ 


1 


(B.16) 


The right-hand side of the eqnation is too complicated to display. Exact expression is 
accessible in |3l]. We perform the calcnlation by the help of xAct package [35l 136] . 

Schrodinger spacetime is not asymptotically AdS. However, one can consider it as per¬ 
turbative deformation of AdS inn. The zuveilbein to our interest would be 


at = Li + aW2] a^- = 0 


(B.17) 


at = aW- 2 ; a^- = 2L_i 

which corresponds to metric 


ds^ 


—a'^r^dt^ -|- -|- 2r‘^dtdx 


(B.18) 


(B.19) 


and spin-3 field 



(B.20) 


a measures deformation from pure AdS in lightcone frame. Apparently metric fields would 
solve Einstein equation if a = 0. 

After substituting fIB.lQp and flB.20p into flB.lbp . one can find the equation holds at the 
lowest order of a. Similarly, one can also check the equation of motion about (ppup [20] can 
be solved at the same order of a. 
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